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Abstract 

We will consider a convex unbounded set and certain group of ac- 
tions G on this set. This will substitute the translation (by adding) 
structure usually consider in the classical setting of prevalence. In this 
way we will be able to define the meaning of G-prevalent set. 

In this setting we will show a kind of quantitative Kupka-Smale 
Theorem and also a result about rotation numbers which was first 
consider by J.-C. Yoccoz (and, also by M. Tsujii). 

1 Introduction 

In 1992 B. Hunt, T. Sauer and J. Yorke [1] introduced the idea of generic 
prevalent sets for a space of functions V (a complete metric vector space). 
This concept produces a meaning for saying that a certain property is true 
for a large set of functions (its complementary being small) in the measure 
theoretical sense. In the next years this idea was expanded in several differ- 
ent directions and settings [5], [BJ, [TJ, [8], [S], [TU], and [12j . The main goal 
was to introduce the idea of shy sets, that are the equivalent of Christensen 
[1], Haar zero measure sets. These will play the role of the small sets. A 
set will be called prevalent if its the complement of a shy set. A set (of 
functions, vectors, etc, that has a certain property) will be said generic, if 
it contains some prevalent subset. 

We will consider a convex unbounded set and certain group of action 
of a group G on this set. This will substitute the translation (by adding) 
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structure usually considered in the classical setting of prevalence. In this 
way we will be able to define the meaning of G-prevalent set. 

We need to elaborate a little further before explaining what we precisely 
mean. A measure \x over the Borel sigma algebra which is supported in a 
compact set is said to be transverse to a Borel set S, if < n{U) < oo, for 
some compact set U, and fi(S + x) = for all x € V. In [9], 2005, a preva- 
lence generic theory is characterized as satisfying 5 fundamental axioms: 
Axiom 1- A generic subset of V is dense; 
Axiom 2- If P C Q and P is generic then Q is generic; 
Axiom 3- A countable intersection of generic subset of V is generic; 
Axiom 4- Every translate of a generic subset is generic; 
Axiom 5- A subset P C M. n is generic, if and only if, P has full Lebesgue 
measure. 

For prevalence in nonlinear spaces M. Tsujii [12] has considered transla- 
tion quasi-invariant measures from C r sections of vector bundles in a com- 
pact m-dimensional smooth manifold, getting prevalent generic properties 
like Thorn's transversality theorem. A particular setting is considered in 
that nice paper, but it's not clear how to extend the construction to other 
families of maps and other families of measures. V. Yu. Kaloshin in [S], 
[6j considered a hybrid idea of prevalence in manifolds, using topologically 
generic one-parametric families that has full probability on their parame- 
ter as being his approach to prevalence. This is quite interesting but it's a 
little bit different from the original idea of [1], since the prevalence should 
be related to a translation invariant measure. On the other hand, V. Yu. 
Kaloshin and B. Hunt, in [7], [5] proved prevalent bounds for the rate of 
growth of periodic orbits of diffeomorphisms in a smooth compact manifold 
M, by embedding M in R , and making perturbations of diffeomorphisms 
in C r (U, M> N ), where U is tubular neighborhood of M in M . 

One of the main problems when considering prevalence on the space of 
diffeomorphisms is that several interesting subsets are shy, so we need an in- 
trinsical theory of prevalence for a family of diffeomorphisms that has some 
additional convex structure, as, for instance, the liftings of C diffeomor- 
phisms of S 1 . In this work we will introduce a different approach, replacing 
the group of translations (as HSY in [3] used in the original work) by a 
convenient group of reflections that acts transitively on these family. We 
believe that our result apply directly either to the torus T n or twist maps, 
without much work. 

2 Liftings of C r diffeomorphisms of S 1 : 

Following the notation of [2], we denote Dif /^(S 1 ) the set of all C r , pre- 
serving order, diffeomorphisms of S 1 , for r > 1 (Dif /^(S 1 ) means the set 
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of all increasing homeomorphisms of S 1 ). As S 1 = R/Z, we can consider 
the set of all liftings of order preserving diffeomorphisms, to the universal 
covering R: 

Hq ={Fe Diffl(R) | F(x + 1) = F(x) + 1, Vn G N, F'(x) > 0}. 

This set is a representative subset of the set of all C r maps commuting 
with the covering map, of degree 1: 

n + = {F G C r (R) | F(x + n) = F{x) + n, Vn G N}. 

We can also define the set of liftings of order reversing diffeomorphisms 
Or . As Ti~ U Ti + is not connected by isotopy, we will restrict ourselves, 
w.l.o.g., to Ti = Ti + (one can get similar results for Ti"), unless we men- 
tion that. Thus, from now on, we will denote Diff r instead Diff+. Also 
we define, V be the linear topological space of all C r function (diffeomor- 
phisms) of R with the Whitney topology, so Ti is an infinite dimensional 
convex unbounded subset of V. More than that, the topology induced by V 
on Ti agree with the uniform topology induced by the complete metric on 
DiffiS 1 ) given by, 

n 

d(F, G) = J2 SU P l^ W 0c) - G W (x)|. 
i=o xeSl 

Using the natural structure of V as complete metric linear space we 
conclude from the standard prevalent theory that Ti is shy. So, for a generic 
C r function (diffeomorphism) of R, F(x + n) ^ F(x) + n, this means that F 
is not a lifting of any diffeomorphism (or homeomorphism) of S 1 . Of course, 
this is not the right direction of reasoning. Thus, we need to introduce some 
intrinsical prevalent theory for Ti in order to get typical behaviors of S 1 
diffeomorphisms. This is the purpose of the next two sections. 

We would like to observe first that Tio is not in 1-1 correspondence with 
the diffeomorphisms (or homeomorphisms) of S 1 . This happens because two 
liftings of the same diffeomorphism differ by an integer constant. In other 
words, if 7r : 7^o — ^ Diff r (S 1 ) is given by 

tt(F) = F(modl) = /, 

(the canonical projection) then, tt(F) = 7r(G), implies F = G + k, k G Z. So 
defining the relation F ~ G in Tio, iff, F = G + k, k G Z, we get that Tio/ ~ 
is a module over Z, with the natural operations in the equivalence classes, 
and, the induced map W is an 1-1 correspondence between Tio/ ~> an d the 
set of all preserving order diffeomorphisms (or homeomorphisms) of S 1 . 

Remark 1. Another important issue is the geometry ofir(Tio). If we take 
F,F + k, k eZ in Tio, the line {(1 - X)F + X(F + k) j A G R} projects on 

tt{(1 - \)F + X(F + k) | A G R} = {(F + a) {modi) \ a = (A - [A]) G S 1 }, 
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that is, this line projects on a closed path in Dif / r (S 1 ). 

On the other hand, if we take arbitrary F,G in TLq, then the line {(1 — 
X)F + AG | A G M.} projects on 

vr{(l-A)F + AG|AGM}, 

which is, in general, a noncompact path not necessarily in Diff r (S 1 ). 

For example, take F(x) = x + 0.2-7T and G(x) = x + 0.2 + sin(27rx), 
we get, 

F x = ((1 - \)F + XG)(x) = x + 0.2(vr + A(l - vr)) + ^-sin(2nx). 

2.17T 




Path of C r maps F\ (X-foliation) . 



We observe that if X G [0, 1] then all the F\ are order preserving diffeo- 
morphisms, but when the parameter X grows the F\ are now part of a family 
of liftings of continuous maps of S . However, there always exists some 
e > 0, that depends o/mmlminF'jminG'}, such that, (1 — X)F + XG € Ho, 
for X € (-£, 1 + e). 

3 A group action on a convex unbounded set 

In this section we will consider a transitive group action on a convex un- 
bounded subset of a general metric linear space V. 

Let (V, d) be a complete metric linear space and 7i C V a convex un- 
bounded subset, that is, for any v, w G TL the line {(1 — X)v + Xw | A £ M} 
is contained in H. Of course, if there exists at least three convex indepen- 
dent vectors u,v,w £ TL, then it contains the 2-dimensional convex subspace 
(u, v, w) = {au+bv + cw \ a + b+c = 1}, what means that H admits Lebesgue 
measures supported in finite /c-dimensional convex subspaces. 

We define a set of automorphisms of TL by: 

Q = Qh = :TL^TL\ ^ w (v) = (1 - X)v + Xw, X G R - {1} , w G TL}. 
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The homeomorphisms ip\,w are not actually "translations" of TL. There is 
no sense to talk about translations in a convex space. On the other hand, 
the set of convex reflections Q provides a set of actions that acts transitively 
in H, and this will be enough to develop the machinery that one needs 
to built a reasonable prevalence theory. Later we will define a group of 
transformations G acting on TL. 

In the future, the property tp\ >w (v) = ipi-x jV (w) G Q, if A ^ 0, will be 
useful. 

Clearly (G,o) is not a group (because it is not closed under composi- 
tions). For example, if there exists at least three convex independent vec- 
tors u,v,w G TL, then tpi w ip_i :U (v) = v + — ^u, and this cannot be 
written as convex combination of two vectors in TL. In the next proposition 
we enumerate some of the main properties of this set: 

Proposition 2. Let (Q, o) be the set defined above, then 

a) For any A £ M- {1} and w £TL, ip\ iW is a homeomorphism ofTL. 

b) ipo,w = id, for any w G TL (identity property). 

c) For any X,a El - {1} and w, u G H, tpx,w ° Yv,u = Vv,« ° ip\,w, iff, 
Vv,« = id, or, ip\ jW = id or u = w (noncommutative property). 

d) For any A G M — {1} and w £ TL, ip\ w o ip a>u = id, iff, u = w 
and j + ^ = 1. In particular, V'a L = V'^- w (inverse property). In 

particular also, V>a,«j ° ^c,u ^ G , iff, S = X + a — Xa ^ or j + ^ = 1, 
but with u = w. 

e) For any v G TL, there exists A E 1- {1} and v,w G TL, such that 
^\,wV = v (transitivity). 

Thus, Gn is a noncommutative set of homeomorphisms which acts transi- 
tively on TL. 



a) Indeed, (1 — X)v + Xw = (1 — X)v + Xw, implies v = v , because A G 
M — {1}. So, Tp\ tW is injective. On the other hand, the equation tp\ jW v = v, 
always have a solution in TL: 



Proof. 



(1 - X)v + Xw 



v 



(1- 



1 



)w + 



1 



V 



(1-A) 



(1-A) 



v. 



b) It is trivial because ipo :W v = (1 — 0)v + Ow = v ; 
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c) For any A G R - {1} and w G H, 

tp\,w ° 1pa,uV = (1 - A)VV,U + AW 

= [1 - 5]v + (5 - X)u + Aw, 

where 5 = X + a — Xa. 

We observe that 5 is a commutative combination of A and a, so 

Vv,« ° ip\, w v = [1 - 5]t> + (<5 - cr)w + an. 

Finally, y)x,w ° Yv,« = ^V,u ° i>\,w, iff, (<5 - X)u + Xw = (5 - a)w + an, or, 
equivalently Xa(w — u) = 0, what means that Vv,« = id, or ^> Ajtl , = id, or 
u = w. 

d) We already know that ^a,™ ip<r,v,v = [1 — S\v + (5 — X)u + Aw, where 
6 = X+a—Xa. So, Y>a,w Vv,u'w = w , Vv, implies that, (5 = and A(w — u) = 0. 
On the other hand, 5 = 0, is equivalent to j + ^ = 1, and A(w — u) = is 
equivalent to w = u, or A = 0, which implies ip\ w = id. 

If (5 / 0, we have, ip\ w o = [1 — <5]v + (5 — A)u + Aw = [1 — S]v + 

<5[^^u + f w] G a, because + f w G W. 

e) Given ueHwe find A G R — {1} and v,w £ Tt such that ip\ :W v = v. 
Therefore, 

1 . 1, 

^A,™f = U W = -V + (1 - 

so, for a fixed A, we choose w = jv + (1 — and, then ip\ )W v = v. □ 

We define now the group (G, o) of the reflections of 7i: 

G = {V'Ai.toi ° ^A 2 ,«, 2 ° • • • ° VX,»n IV'Ai.tOi G 0}- 
Some easy computations shows that G can be written as 

n n 

G = {yj(v ) = (1-S)v + J2 a i w i \S€R- {1}, a; = ,5, w; G W}. 

i=i i=i 

This group acts transitively in Ti and is topologically free: 
Any tp G G — {Id} has an unique fixed point given by the center of mass of 
the vectors Wj 's that defines itself. 

Indeed, ip{v) = v implies that (1 — S)v + ^27=1 a i w i = v - As ip ^ Id we 
get 5 / 0, so v = j Yh=i a i w 'i = y/-i oi ^=i aiti;i - In particular, the only 
fixed point of ip\ iW is v = w. 
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4 Prevalence on TL 

The goal of this section is to define and to show the consistence of a theory 
which consider reflection invariant almost every properties. 

Initially, we must to define the notion of G- shy sets in TL, as been Haar 
(for the group of reflections) null sets for some measure in the Borel sets TL. 

Definition 3. Given a Borel subset S we will say that a measure fi is G- 
transverse to S, and denote fi it) S, if: 

a) There exists a compact U, such that, < fJ>(U) < oo, can be taken a 
compact supported measure); 

b) n(ipS) = 0, for any ifi € G. 

In this case we say that S is G-shy Borel subset. The hypothesis (a) is 
natural from [9], and the second one ensures that the property is a reflection 
invariant. Analogously, a subset S in TL is said to be G-shy, if S is contained 
in S', a G-shy Borel subset TL. 

Finally, we call G-prevalent a subset P of TL, such that P c is G-shy. 

In order to simplify the notation, from now on we will drop the letter 
G. We just point out that the concept described here is a little bit different 
from the usual ones. 

Definition 4. A set P C TL it said to be generic (in the prevalent sense) 
if P contains some prevalent set. 

According to [9] the consistence of the category of the generic sets needs 
to satisfy the following set of axioms: 
Axiom 1- A generic subset of TL is dense; 
Axiom 2- If P C Q and P is generic then Q is generic; 
Axiom 3- A countable intersection of generic subsets of TL is generic; 
Axiom 4- Every reflection of a generic subset is generic. 

In order to prove Axiom 1 we need to consider the following lemma. 

Lemma 5. Given a Borel subset S and a measure /j, transverse to S, there 
exists another compact supported measure v such that: 

a) v rh S; 

b) The support of v is contained in a ball of arbitrarily small radius. 

Proof. Given, e > 0, we can take a cover of U, given by U v( zuB(v, e). As 
U is compact, and < fi(U) < oo, we can choose U' = B(vq,e) D U with 
positive measure, and define v{A) = n(U' n A). It is easy to see that v 
satisfies the claim of the lemma. □ 

Now we are able to check Axiom 1. 

Theorem 6. Every generic subset is dense. 
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Proof. If P is a generic set then its complement S must to be shy. We 
claim that S has no interior points. Indeed, if w$ € intS", then there exists 
5 > such that B(wo,5) C S. From transitivity of G we can find w = 
jVq + (1 — j)wo, then ip\ )W wo = vo- Using that relation ijj\^ w B(wo,5) = 
Biipx^wWo, (1 — X)5) = B(vq, (1 — X)S), we choose A € (0, 1), then B(vo, e) C 
B{v ',{l - X)5) for e < (1 - X)S. Thus, = ^ X , W S) > ^ x , w B{w Q ,5)) = 
h(B(vq, (1 — X)5)) > fi(B(vo,e)) > 0, and we get a contradiction. 




Reflection of B(wq, S) 



□ 

The Axioms 2 and 4 are trivially obtained from the definition. Then, we 
start now the proof of Axiom 3 by proving first the simplest case: 

Lemma 7. Let Si,S2 be shy Borel subsets and \i rh Si, v rh Si, then there 
exists another compact supported measure /i * v such that: 
(fi * v) rh S%, and (fj, * v) rh Si- 
Proof. In our proof we adapt, in part, the idea presented in [3], [9], (see [3] 
for convolutions on topological groups) where it is introduced the concept 
of a convex convolution of transversal measures in TC. However, in our 
setting we have to face several technical difficulties. Given A € M, and a 
Borel subset A C TC, we define 

(fj,*v) x (A)= / X{^ w v&A}{v,w)d{j,{v)dv(w). 
Jn Jn 

In other words, for each Borel subset A C TC, we consider A x = {(v, w) 6 
7~L 2 | ipx,u>v € ^4}, and define 

(v*v)x(A) = (vxv)(A x ). 

As ip\,w(v) = iii-x.viw) £ Q, if A 7^ then we can rewrite the convolution 

as, 

{n*u) x (A)= I n(ij>_^ w (A))di/(w), 
Jn A - 1 ' 
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or 

(ji*v) x (A)= I KY>i i v (A))dfj,(v). 
Jn x 

The equations above ensure the second part of the definition of shyness, 
because: 

(fl * v)\^a,u{Sl) = \ (J,(lp^_ w 1pa,u{Sl))dv{w) = 0, 
JH A " 1 ' 

and 

(M * ^)a^<7,«(5 , 2) = / K^i- i v ip a ,u( S 2))dfJ-(v) = 0, 
for any Vv,« € £• 

As /tx fh Si and ^ ftl S 2 , there exists compacts sets K±,K 2 , such that, 
< n(Ki) < 00, and < v(K 2 ) < 00. Let K = (1 - A)Ki + AK 2 - 
We observe that the function <1> : — > given by = ip\ iW v, is 

continuous, so If = <&(iv"i x K2) is compact because it's the image of the 
compact set K\ X K 2 . Now we compute (/i * v)\(K): 

(fi * v) x {K) = ( f ix v)(K x ) = ( M x v)(K x x K 2 ) = ^1)1/(^2). 

□ 

The extension of this result for the case of a general finite union of shy 
sets is not a direct consequence of the previous one because G is noncom- 
mutative. We have to proceed in a combinatorial way: 

First, we observe that ip\ iW (v) = ipi-\ :V (w) € Q implies the remarkable 
property: 

{^A„_i, TO „V'A n _ 2 ,«;„_i-V'A fc _ 1 ,«; fe -V'Ai,«; 2 (^l) € A} = {w k G tpA, if) £ G} . 

In order to see this first we take, 

then we take ip = ipi\ k 1 c^V 1 e ^' 

This argument ensures that, if \ii iti Si, i = 1, 2, n, then 
(/X n * H n -x * ...fli)(lpSi) = 0, V?/> £ C 
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To prove that (fj, n * * ...^\)\{K) > 0, for some compact K, the 
same argument will work, we just point out that the function <1> : TL 2 — > TL 
given by $(wi,w 2 , -,w n ) = ip\ n _ uWn o .. o 4>\ ltW2 wi is continuous, so K = 
§{K\ x ... x K n ) is compact as the image of the compact K\ x ... x K n , and 
if we compute (/i n * fJ, n -i * —fJ>i)\(K) we get 

(fi n * fln-l * ...fJLl)x(K) = fi 1 (K 1 )...(l n (K n ). 

In order to prove that Axiom 3 is true, we need to understand how to control 
the process of countable convex convolution, and this will be done next. 

Theorem 8. If \ii rh Si, i = {1,2,...}, then there exists a measure /i such 
that /j, rh Si, i = {1, 2, ...}. 

Proof. In order to prove this, we introduce the Countable Convex Convo- 
lution (CCC) of {/u n } (see [3] for tight sequences and infinite convolutions): 

Consider TL W = TLxTLxTLx. and let K = K\ x K 2 x where K n is 
the support of each fi n , by Tychonov theorem we know that K is compact; 
additionally, we suppose that each [x n is a measure of probability. We choose 
a sequence of ip\ n)W G G and define, for each measurable A C TL the set: 

A X = {(w\,W 2 , ...) G TC | ... o IpXn-^Wn ° ••• ° ^Al.Wa^l) G A }> 

thus, the CCC probability of A is 

(... * n n * ... * m)x(A) = (/xi x/i 2 x ...)(.4 A ). 

On the other hand, A x = <1> -1 (.A), where <& : TL n —* TL is given by: 

$(u;i,u; 2 ,...) = ... oip Xn _ uWn o ... otp XltW2 ( Wl ). 

Now, we must show that is well defined and continuous. Consider 
An = n G N, then 

$(101,^2, •••) = ••• ° ^An_i,tu„ - °^Ai,w a (wi) 

= lim p n _iWi +p n ^.i— u; 2 +Pn-1 — ^3 + ••• +Pn~l^ I ^-Wn 



lim p n __i 

n— >oo 



n— I , 

— Wi+l 
i=l W . 



where p n = IJiLi(l ~~ Aj). From Euler's theorem for infinite products, we 
know that 

°° z 2 

sin(z) = z TT(1 —-\y z G C, 

- LJ - 7r^n z 

n=l 
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and, taking z = 1, we get lim^^ooPn-i = sin(l), what means 
,, , . sin(l) sin(l) 

K ' 2 ' "° = s,n(1> '" 1 + ^oTjrf 2 + ^d-m-^) W3 + - 

$ is, obviously, a continuous map in the product topology of W J . 
Finally, we observe that 

is a compact set in Tf", and (...*[j, n *...*fj,i)\(K) = fj,i(Ki) pL2[K2) ■■■ = 1- It's 
also easy, to see that for a fixed i, (/u n */i n _i*... / ui)(V>Sj) = 0, VV> G G,Vn > i, 
so (... * fi n * ... * fJ,i)\(ipSi) = 0, G G. Thus (... * ^ n * ... * ^i)a itl Si, 
i = {l,2,...}. 

□ 



5 Conditional prevalence 

We use the term conditional prevalence instead relative prevalence because 
this term is already used in the literature for prevalence trough translations 
by a prevalent set. The set Ho of all liftings of circle diffeomorphisms is 
defined by an open condition {F' > 0) in 7i, the set of all liftings of degree 
1 of S 1 , but it is clear that any subset S C Ho could not to be shy, since Ho 
is not invariant under the action of G (see for example, Remark [1]). 

In a future work we will analyze properties of maps on the circle, and 
potentials, so the general theory that we develop here will be useful in this 
task. However our focus is to study properties of diffeomorphisms so we 
introduce the idea of Conditional prevalence. 

Given a set Ho C H, we denote 

Go = {^Ai,wi ° ^\2,w 2 • ■ • TP\n,W n \Wi € H } D Go- 

Definition 9. Given a Borel subset S C Ho we will say that a measure [i 
is condional G-transverse to S in C Ho, and denote \i rh>{ S if: 

a) There exists a compact U C Ho, such that, < fJ-(U) < oo, (fx can be 
taken a compact supported measure in Ho ); 

b) n(ipS) = 0, for any ip £ Go- 

In this case we say that S is a conditional G-shy Borel subset, and, we 
call conditional G-prevalent a subset P of Ho, such that P c is G-shy. In 
order to avoid complicated notations we will just say that S is shy in Ho, or 
S is prevalent in Ho- 
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It is easy to see that all the above theory works well in this setting, even 
the CCC and, the density of conditional prevalent sets, indeed in the proof of 
Axiom 3, we get, by contradiction, B(wo, 5) C S C Ho and, ip\ jW B(wo, S) D 
(j,(B(vo,e)) D supp/x, what shows that supp/x is stable under ip^, then the 
conclusion p(ipx, w B(wo, 5)) = is still valid. We observe that the conditional 
convex convolution (p * u)\ is well defined since the parameter A can be 
chosen in such way that supp(/U * u)\ = K = ${K\ x K2) C Ho for 3> : 
H 2 — > H given by &(v,w) = ip\ :W v (taking A G (0,1), for example), the 
same is true for CCC. 

Another important fact, is that Axiom 1 implies that, if it : Ho — ► 
Diff r (S 1 ) given by tt(F) = F(mod 1) is the canonical projection, then 
7r(P) is dense in Diff r (S 1 ), for any prevalent P C Hq. 

Definition 10. A set O C Diff r (3 1 ) is called prevalent, i/7r -1 (0) C H 
is a prevalent subset oj 'Ho- 



6 Transversal invariant measures 

The main goal in this section is to get probabilities on H that are "invariant" 
under the group action G. 

The hard part to show that a certain given set S is transversal to a Borel 
measure p, is to show that p(ipS) = 0, for any -ip £ G. So we can formulate the 
following question: "How one can obtain examples of G-invariant measures, 
that is, a Borel measure [i such that, for each Borel subset S C H, with 
Li(S) = 0, we have (J,(ip\, w S) = 0, for any if)x, w £ <??" 

Theorem 11. Let V = C°([0, 1]) i/ie topological vector space where we 
consider the uniform topology. Then, for each n G N, i/tere existe a 5ore/ 
measure with compact support fi n in V, that is, G 1 -invariant measure (G 
is the group generated by Q of reflections ip\ jW with A / lj. In particular 
fj, n (tl S for every zero measure set S. 

Proof. Define for each x £ [0, 1] the linear functional x : C° —> [0, 1] given 
by 

x(f) = f(x), 

and consider the partition of [0, 1] given by ~> •••n-^' Then, we can obtain 
the open map p : C° -> lR n+1 : 

D 1 n 

p(f) = (-(/), -(/),...-(/)). 

n n n 

Now, we consider Leb the Lebesgue measure on [0,1], that is, Leb(^4) = 
JrXa(^)^! and the product measure po = Leb n+1 on [0,1]™ +1 . Thus we 
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are able to define a Borel measure /x n in C° by the push forward 



fx n (B) = MB)) 



D 71 — 1 71 

Leb(-(.B)) • ... • Leb(- (B)) ■ Leb(-(B)) 

n n n 



X°( B )( x ) dx ■ - ' / Xn=l(B)( x ) dx ■ / X^(B){x)dx 




k/n(B) 



0=0/n 



1=n/n 



Push forward of the product measure. 

Obviously, [i n has compact support, we claim that \x n is G-invariant. Indeed, 
suppose Hn(A) = 0, so there exists k such that, Leb(^(A)) = 0, and for any 
ip\,h € Q we have 

Leb(-^ X;h A)) = Leb(-((1 - A),4 + Xh)) 
n n 

= Leb((l-A)-(A) + A-(/ l ))) 
n n 



X{l-\)k(A)+\h(k/n)\ X ) dx 

X(i-X)h.(A)(v) d y^ v = x ~ *>h(k/ri) 

(l-A) / Xh {A) (z)dz, (1-X)z = y 



(l-A)Leb(-(A)) = 0, 
n 



thus (i n (ip x ,hA) = 0. 



□ 



7 Evaluation maps for periodic points 

In this section, and in the next one, we will consider 

H = Liftingspi//;^ 1 )), 

for r > 2, so the prevalence results are on this set. We need regularity r > 2 
in order to apply evaluations technics. The main goal of this section is to 
provide the technical tools that we need for applications, more specifically 
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we will construct and analyze properties of one dimensional probes, that is, 
finitely dimensional spaces that supports transversal measures. 

For each fix F, G G Ho we consider the path ct\ : R — > H given by 

a x (x) = (1 - \)F(x) + \G{x). 

We define the n-evaluation map, associated to a\, as the multivalued 
function: 

A n (x) = {X | a\ l (x) = x and x G S 1 }, 

which can be evetually empty. 

We observe that the lifting property implies that A n (cc) can be extended 
as a time 1, periodic function in R. Moreover, if a\ G Ho then A„(x) = {A}, 
what means that A = A n (x) is locally a C r function. To see this, we 
define the C r map <p(x, A) = a\(x), and denote ip n (x, A) = ip{ip(..., A), A), so 
a \( x ) = l f n { x ^)- Differentiating with respect to A we get 

dx k=0 

because a\ G Ho, and G — F ^ 0. 

To establish the domain of A = A n (x) we need to assume that F has some 
fixed point, then we observe that a\ G Ho for some interval A G (a, 6) D [0, 1] 
(for example, for F(x) = x + 0.1 + sin(27rx) and G(x) = x + 0.27T, 
we get, (a, b) = (—0.05,2.05) as the maximal interval for this property), 
then we define D n (F, G) = A~ 1 (A n (S 1 ) n (a, b)), because A n (S r ) n (a, 6) = 
{A|aA(i ? ) G Ho, and there exists x s.t. aA(-^) n (^) = x}. Thus A = A n : 
D n (F,G) — > (0,6) represents all the periodic points of period n, for in 
the following sense: 

"p G S 1 is a periodic point of period n for the diffeomorphism ei\ with 
degenerate derivative (a-J)'(p) = 1 if, and only if, A = A n (p) G (a, b) and 

K(p) = o". 

We like to observe that some particular cases will be useful in the next 
sections: 

Type I - F G H with fixed points, and G = F + k k G (0, 1). In this 
case, a x {x) = (1 - X)F(x) + XG(x) = F(x) + Xk G Ho, VA G R. Thus, the 
evaluation A = A n is fully defined and the study of the hyperbolic periodic 
points reduces to the study of the critical points of the evaluation. More 
than that, applying an element ip G Go, we get 

if)(a\)(x) = a^_ S ) X (x) = ^{F){x) + (1 - 5)Xk, 

where, ^{F) = (1 - S)F + YIU ^G t \S G R - {1}, £?=i a* = <5, G { G H . 
Thus, there are just two possibilities, ip(a x ) C Hq if V'(^ ? ) G Ho, or ip(a x ) C 
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Type II - F, G G Ho, F with fixed points, and min \G(x) — F(x)\ = a > 

xes 1 

0. In this case, ot\ is a A-foliation of M? (see Remark[IJ for example). Let 
(a, b) be the maximal interval such that a\ G TLq and D n (F, G) the domain 
of the evaluation map A = A n , we need to compute the derivative Using 
the notation <^(x, A) = cr\(x), and (f n (x, A) = (p((p(..., A), A), where A = A(x), 
and oQ(x) = x, we get 

.-^c.,a) = £<m) = £ + vc.)££- (c -^ 



5a; <9x cfe ^ 

fc=0 (fa 



Isolating A', and using <p(x, A) = cka^); we get 



Y(s) 



(fa 



^S=o 1 (^)- 1 (G-F)(a 



The main application of the evaluation map is to describe the behavior 
of the hyperbolic periodic points. Indeed, the formula above shows that for 
a diffeomorphism a\, one has -^r(x) = 1 only if A (x) = and A = A n (x). 

For type II probes the action of G is not trivial and the interval (c, d) 
where ip(ct\) G TL$ can be different of (a, b). Anyway, the same conclu- 
sions are true in a possibly different domain. So the conditions Tp(a\) n (p) = 
p and ■fe'il}{ct\) n (jp) = 1, are equivalent to A = A n (p) and A' n (p) = 0, be- 
cause, 

d d 

^(a x(x) ) n (x) + —iP(a x{x) ) n (x)\'(x) = 1, 

thus, 



A'(p) = A^(p) 



8 Applications of prevalence on S 

The first result we will get is about the non-degeneracy of the fixed points 
of a diffeomorphism of S 1 . This result is contained in the Kupka-Smale 
theorem, but we want to get this result in our setting. We present a direct 
proof here which is instructive, and, at the same time, shows a different 
choice of probe for getting the desired property. 

We say that a fixed point p is non-degenerate (of order 1) if F'{p) ^ 1. 

Proposition 12. The order preserving diffeomorphisms of S 1 are generi- 
cally nondegenerate, in particular they are hyperbolic. 
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Proof. Let S = {F G H | 3p G Fix(F), ^F(p) = 1}, and we must show- 
that 5 is shy, that is, the set of all diffeomorphisms without degenerate fixed 
point is prevalent. 

The proof will be accomplish by choosing a special one dimensional probe 
of type II, in Ho- We consider the one dimensional subspace generated by 
F and H, 

a(x, A) = 4> X , H F = (1 - X)F + XH, A G [0, 1], 

and consider \x the Lebesgue measure supported on the trace of a, where 
n(A) means //({A | ei\ G A}). We claim that (j,(S n a\) = 0. We will not 
explain now this computations because it is a particular case of the next one 
(V = Id). 

In order verify the condition of invariance we need to show that fi(ip(S) n 
a) = 0, or equivalently, fi(S PI ip(a)) = 0, for all ip G G. Remember that 
i>{F) = (1 - <S)F + ^r=i (HGi \6eR- {1}, Er=i o< = b G i e Wo, so we 

n 

have ^(a)(z, A) = (1 - <5)F(x) + A(l - <5)(# (x) - F(x)) + ^ a;Gi(x). Now, 

i=l 

4>(a)(p,\) = p implies that, 1 = (1 - S)F'(p) + A(l - S)(H'(p) - F'(p)) + 
E?=i OiGj(p). Thus, 

A(X) = - F(x) + H(x) - F(x) —5 [l ^ a ^ X) ~ X ) • 

Substituting the two formulas above in A'(x) we conclude that A'(p) = 0, 
and, proceeding as before, we get 

{A | S n i>(a x )} = {A G [0, 1] | 3p G Fix(V>(a A )(-, A)), ^(«a)(p, A) = 1} 
C A({p|A'(p) = 0}), 



which has zero Lebesgue measure by Sard's theorem. So \i rh S 1 , that is 5 is 
shy. □ 

Applying thess technics we can prove a kind of Kupka-Smale theorem for 
non-degeneracy of the periodic points of a preserving order diffeomorphism 
of S 1 . 

We remember that a periodic point p of order n (F n (p) = p) is said to 
be hyperbolic, if \-^F n (p)\ / 1; for a order preserving transformation this 
is equivalent to say that every iterate F n has no degenerate fixed points. A 
diffeomorphism F is said K-S (Kupka-Smale type) if all periodic points are 
hyperbolic. 

Theorem 13. The order preserving diffeomorphisms of S 1 are generically 
K-S. 
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Proof. Let S n = {F G H | 3p G Fix n (F), -^F n (p) = 1} be the set of 
diffeomorphisms such that the iterate F n has at least one degenerate fixed 
point. We must to show that S n is shy, so 

S = (J S n = {F G Ho I has some degenerate periodic point.}, 

n=l 

will be shy, that is, the set of all diffeomorphisms which preserve order and 
also without degenerate periodic point TCo — S, is prevalent. 

The proof will follow easily by choosing a one dimensional probe of type 

I, 

«a(-) = ^\hF = (l-X)F + XH = F + Xk, AG [0, 1], 

and denote /i the Lebesgue measure supported on the trace of a, where fJ-(A) 
means /i({A | a\ G ^4}). 

We claim that n(tp(S n ) n a\) = 0, or, equivalent, 

fi({\\S n n^(a x ) ^0}) = 0, 

for all V ^ G. In order to see this, remember that from Section [7] the 
conditions 

V>(a A ) n (p) =p and ^V'(aA) n (p) = 1, 
are equivalent to, A = A n (p) and A^(p) = 0, thus, 

l-^(«A(p)) n (p) 



A'(p) = AO) 



^^(«A( P )) n (p) 



We have two possibilities, iiijj(F) 7Yo then also ip(a\) 7Yo, so i/j(a\)n 
Sn has zero measure. Otherwise, if ip(F) G Tto, then also ip(a\) G "Ho- 
Proceeding as before, we get 

{A | S n n V(a A )} = A n ({p | AO) = 0}), 

that has zero Lebesgue measure by Sard's theorem. 

It's clear that is enough to show the result for a single ip G G. So \i iti S n , 
that is, S n is shy. □ 

There are several nice papers in the last years about properties of one- 
parametric families of circle diffeomorphisms. Several results of this kind 
can be restated in our prevalence point of view. For example, M. Tsujii [13] 
has considered one-parametric families, {ft = f + t\t G S 1 } of orientation 
preserving circle diffeomorphisms, and he defines the following property: / 
satisfies if 

there exist finitely many p,g£Z, such that \p(f) — - | < l/q 2+ ^ . 
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J-C. Yoccoz [TJ] has proved that this condition implies that / is C r 2 
conjugated to a rigid rotation R p (f), provided / is C r , for r > 3, and, 
< p< 1. 

M. Tsujii proved that the set 

Sp = {t G S 1 | p(f t ) Q and f t not satisfy (*)/?}, 

has Lebesgue measure zero, since df is of bounded variation. 

Using this property we can prove the next result. We note that this 
application is, in a certain way, similar to the spirit of the Remark 5 in |13j . 
but, not exactly the same (in our setting). 

Theorem 14. A C r order preserving diffeomorphism of S 1 is, generically, 
conjugated to a rigid rotation R p , or, it has a rational rotation number, 
provided that r > 3. 

Proof. We just have to choose a particular one-dimensional probe of type I, 

a x (x) = ifj\ tH F = (1 - X)F + XH = F + Xk, AG R, 

< k < 1 and, as before, we denote by fj, the Lebesgue measure supported 
on the trace of ot\, where fJ,(A) means fJ,({X \ ot\ G A}). Since the Lebesgue 
measure is sigma finite we get from Tsujii's theorem, that p{Sp) = 0, where 

S p = {F G H | p(n(F)) Q and vr(F) not satisfy 

We claim that /i(ip(Sp) n a\) = 0, or, equivalent, n(Sp fl ip(oe\)) = 0, 
for all tp G Gq. But this is a simple consequence of the fact that the dilata- 
tion map is absolutely continuous, with respect to the Lebesgue measure. 
Remember that 

n 

*P{a x ){x, A) = (1 - 5)(F(x) +Xk) + ^2 <HGi(x) 

i=l 

= i/)(F) + A(l - S)k. 

We assume that ip(F) = (1 — S)F(x) + YH=i a iGi{x) G TCq (otherwise the 
path has zero measure) is of bounded variation too. So we can use Tsujii's 
theorem again to get fj,(tp(Sp) D ct\) = 0. 

Thus, fi fh S/3, what means that Sp is shy. □ 

Of course, the projection of the dense set is dense in Diff r (S 1 ) 
(see Axiom 1). In |13j . Tsujii obtains this result as a corollary of his main 
theorem. 
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9 Hyperbolicity estimates 

In this section we will analyze a sightly different problem, that is, to make 
a quantitative analysis of the hyperbolicity of a C r , diffeomorphism, r > 2 
(we need r > 2 in order to get an C 1 evaluation map). In Theorem [TBI we 
prove that the orientation preserving diffeomorphisms are prevalently K-S, 
through the use of an special parametric family. If we use the quantitative 
measure of hyperbolicity, as in [9] Definition 7.6, 

E%(F) = {xeS 1 \x£ Fix{F n ), \\dF n (x) - 1|| < 7}, 

for 7 > 0, then we can formulate the following problem: 

Fix F eH and choose H G A F C H , given by A F = {H G H | H—F ^ 
0}. Consider the path of liftings of circle maps of type II, a\(F)(x) = 
(iPx, H F)(x) = F(x) + X(H - F)(x), A e R. 

We want to estimate the Lebesgue measure of 

Z%(F) = {X(x) I x G E%(a x (F)) and a x (F) G H } 

where A(x) = A n (x) = {A | ct\(F) n (x) = x}, is the multi-valuated map 
introduced in the SectioT^7\ 




The set Z*{F). 

We observe that the problem is well posed because the map A n (x) is 1- 
periodic (otherwise such measure could be always 00 or always 0), since F 
and H are liftings of circle diffeomorphisms. So this claim motivate the 
quantitative prevalent K-S theorem (Q-K-S): 

Theorem 15. Fix F G 7io and choose H G A F , where 

A F = {H G Ho I inf \H - F\ = a > 0}. 

xGS 1 
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Consider the path of circle diffeomorphisms a\(F)(x), as above, and X(x) = 
A„(z) = {A | ct\(F) n (x) = x} the associated evaluation map. If m is the 
Lebesgue measure in R then 

m(Z"(F)) < c n l, 
' a 

for some positive constant c n the depends of min ce\(F) (x). 

x£\JE%(a x (F)) 

Proof. Let D n be the domain of each evaluation and (a, b) D [0, 1] be the 
maximal interval such that ct\{F) G TLq. Then, 



Z"(F)=A n U E«(a x (F))\, 
\\e(a,b) J 

so A n is a differentiable C 1 function on this set, because EH j {a\{F)) C D n 
and A € (a, b). 

From Section [7] we get the formula, 



i 



da>.(F) n 
dx 



where A = A n (x). 

From Schwartz [11], Chap. Ill, Thm. 3.1, we know that, if D C M. n is 
an open, and g : D -> W 1 is C 1 , and £ C D is a mensurable subset, then, 

g(E) is measurable, and m{g{E)) < / \J g \dm, where J g is the Jacobian 

Je 

determinant of g. 

o ■ da x (F) n /da x (F) i+1 \-l da^fF)™^ j i • 

So, using % 1 • — ) = o a\(F) l+1 , and applying 

this property to our case we get, 

m({X(x) | x e E%(a x (F)) and a A (F) € H }) = 

m(A„( |J £> A (F)))) < 



Ae(a,6) 

/ |A^(x)|dm 

^US™(a A (F)) 



\l-d x a x (F) n (x) 

da x (F) n ~ i 



dm < 



-dm = —In 



where /„ = ^ E , [ax{F)) —dm. 
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Let, u = min — at\(F)(x) then 
xeU^(a A (F)) 

i=0 i=0 

Thus, ^ n _ 1 1 — 7—r = 77- = c n < 00. □ 

Finally, we would like to point out that if u > 1 on the above theorem, 
then is obviously finite, on the other hand, we always have 1 — 7 < 

u < 1 + 7, thus ^- may diverge. 
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